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Thermal-expansion-induced microcracking in single-phase 
ceramics has been simulated using a simple mechanics 
model based upon a regular lattice of brittle, elastic springs. 
Microcracks preferentially form at  grain boundaries and 
propagate either into the bulk o r  along grain boundaries, 
depending on the toughness of the boundaries relative to 
the grain interiors. The present results show that aniso- 
tropic-thermal-expansion-induced microcracking can be 
more severe for either large or small grain size samples 
depending on the damage measure employed. At very small 
misfit strains, the large grain microstructure develops 
microcracks before the small grain microstructure. How- 
ever, over most of the misfit strain regime examined, the 
total length/area of all cracks in a sample is larger when the 
grain size is small. This is manifested in a larger decrement 
of the elastic modulus in small grain size samples as com- 
pared with large grain size samples at the same misfit (AT). 
However, large grain sizes are more detrimental with 
regard to fracture properties. This is because the fracture 
stress scales as inversely with the crack length and large 
grain samples exhibit larger microcracks than small grain 
samples. Unlike in the unconstrained samples, when a sam- 
ple is constrained during a temperature excursion, the 
stress created by the overall thermal expansion can directly 
lead to fracture of the entire sample. 
I. Introduction 
ANY ceramic materials are known to undergo spontane- M ous cracking when cooled from high processing tempera- 
tures. The presence of microcracks modifies several physical 
properties including thermal diffusivity, dielectric constant, 
acoustic transparency, and elastic moduli.' Microcracking can 
also lead to an increase in fracture toughness: presumably asso- 
ciated with the microcracking-induced dilatation and also partly 
due to the formation of a process zone ahead of a propagating 
 rack.^,^ However, the contribution of microcracking to tough- 
ening is usually minor.' The tendency to form these cracks is 
known to increase with increasing temperature excursions and 
increasing grain size6 and is often attributable to residual 
stresses that develop from either thermal contraction anisotropy 
or non-shape-preserving phase transformations.' In multiphase 
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materials, thermal-expansion-induced microcracking may also 
result from the difference in the coefficient of thermal expan- 
sion of the different phases. In single-phase, polycrystalline 
materials, however, thermal-expansion-induced microcracking 
is associated with the crystalline anisotropy of the coefficient of 
thermal expansion. Since many single-phase, ceramic materials 
are neither isotropic nor cubic, thermal expansion anisotropy is 
thought to be the dominant cause of microcracking associated 
with temperature excursions. This paper focuses on the role of 
anisotropic thermal expansion in microcracking. 
Thermal-expansion-anisotropy-induced microcracking has 
received a great deal of e ~ p e r i m e n t a l ~ . ~ ~ ~ ~ '  and the~retical ' .~~' ' '~'  
attention. A fracture mechanics analysis of microcracking"'." 
reveals an essential dependence of microcracking on micro- 
structural dimensions. In particular, dimensional considerations 
dictate that microcracks initiate when grains exceed a critical 
size. Obtaining an exact solution to this problem is a formidable 
task, since this involves adding the effects of thermal expansion 
anisotropy to the tensor Hooke's law and then integrating over 
the temperature range of interest to yield the thermal-expan- 
sion-induced stresses. This procedure should be applied to non- 
uniform microstructures in order to obtain a realistic stress 
distribution. Therefore, most of the theoretical analyses of 
anisotropic-thermal-expansion-induced microcracking have 
made certain simplifying assumptions such as the presence of 
very idealized microstructures (e.g., Refs. 4, 10, 1 1 ,  and 12). 
These include pairs of grains, hexagonal arrays of grains, etc. 
Real microstructures, on the other hand, exhibit a wide distribu- 
tion of microstructural geometries." This is particularly 
important since fracture properties are determined by the 
extremes in the local (microstructure-dependent) stresses rather 
than their average values. Thus, an understanding of micro- 
cracking-related phenomena requires a realistic, microstruc- 
ture-based description of microcracked microstructures. 
In this paper, we examine thermal-expansion-anisotropy- 
induced microcracking based upon a simple mechanical model 
which is solved n~mer ica l ly . '~  We refer to this model as the 
"microstructural mechanics model" because it is capable of 
describing the stress distribution and fracture behavior of mate- 
rials with arbitrarily complex microstructure. We employed the 
microstructural mechanics model to study microcracking in a 
realistic polycrystalline microstructure as a function of grain 
size, thermal expansion anisotropy, and relative grain boundary 
to bulk toughness, and to determine the effect of external stress 
on microcracking. 
11. Microstructural Mechanics Model 
(1) Basic Model 
The mechanics model employed in the simulations, 
described below, is based upon the elastic properties of a net- 
work of springs. Rather than discretizing the equations of elas- 
ticity, the elastic continuum has been replaced with a lattice of 
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springs. The model consists of a triangular array of lattice 
points which are connected by bonds, as indicated in Fig. 1. The 
energy, E ,  of this array of bonds is the sum of a bond stretching 
energy, @, and a bond bending energy, q, and is given byI4 
E = ~ ~ , ~ , @ l , ( R , , )  + ~ ~ ~ , ~ q , l k ( R , l , R J  ( 1 )  
,=I 1 ,= I  i k 
where the sums on i are over all N sites in the system, the sums 
o n j  are over all sites which are nearest neighbors (im) of site i, 
the sum on k is over all sites that are nearest neighbors of sites 
i and j ,  and R,, is the vector separation of sites i and j of mag- 
nitude R,,. The bond stretching (@) and bending (*) func- 
tions may be chosen to represent linear elastic (stretching) 
springs and watch (bending) springs, respectively, and may be 
expressed asI4 
where k,, and c , ,~  are constants that scale the stiffness of the 
bond stretching and bond bending interactions, and a,, and b, 
are related to the equilibrium bond lengths and bond angles, 
respectively. 
For a uniform triangular lattice of springs, all of the k,, and c , ,~  
are identical (k,]  = k and clli = c). In this case, the nonzero 
elastic constants (in Voigt notation) are given by 
9 21 
8 16 C , ,  = C,, = -ka,?, + -c 
3 21 
8 16 C,, = -kai + - c  
3 21 
8 16 C , ,  = -ka: + -c 
The symmetry of the elastic constant tensor is that of an iso- 
tropic continuum. As in an isotropic solid, there are only two 
independent elastic constants and the symmetry is that of the 
triangular lattice (see, e.g., Ref. 15). Consequently, the Lam6 
constant A, shear modulus p, Poisson's ratio v, Young's modu- 
lus E, and bulk modulus B may also be written in terms of the 
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16 p = C,, = z(CII - C , 2 )  = skag + -c (4b) 
2kai - l c  
6kai + l c  v = C,,/C1, = 
2kai + 7c 
6kai + l c  E = 2k(1 + v) = 3kui 
- 2kai + l c  
ka:'2ka: + 21c - 
E 
3(1 - 2 ~ )  B =  
( 4 4  
The a@ component of the stress at site i in the model may be 
written as 
where CR is the area associated with site i, a and p are Cartesian 
directions that take on the values x and y (or 1 and 2 ) ,  and Re 
is the OL component of the distance between sites i and j. The 
macroscopic stress in the sample is obtained by averaging upB 
over all sites. 
Microstructural features are incorporated into the model by 
associating different properties with each bond. For example, 
a polycrystalline body is simulated by identifying a bond 
as a bulk bond if it separates two adjacent lattice sites within the 
same grain or as a grain boundary bond if it separates two 
adjacent lattice sites belonging to different grains. The frac- 
ture properties of the model are incorporated via a bond-type- 
dependent failure criterion. In the present study, a bond breaks 
irreversibly when its strain energy 
Y 
h 
exceeds a critical strain energy E;, where the magnitude of E' is 
different for bulk and grain boundary bonds. A multiphase 
material may be modeled by choosing the elastic parameters k, ,  
and c , ] ~  to depend on the phases of sites i, j ,  and k .  Misfit or 
eigen strain may be included by choosing the constants a,  and 
h, to also be site dependent (i.e., a,, and brik).  
While this discreteness of the present model does introduce 
an artificial length scale (the lattice parameter ao) into the simu- 




Fig. 1. Polycrystalline microstructure mapped onto a triangular lattice of brittle, linear elastic springs. 
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wide variety of microstructural effects, as described below. 
This simple model retains most of the main features and trends 
found in continuum elastic models; however, the results should 
not be viewed as quantitative. 
(2) Polyciystalline Microstructure 
In order to simulate fracture in a polycrystalline material, a 
realistic polycrystalline microstructure was first mapped onto 
the two-dimensional, triangular lattice of the microstructural 
mechanics model. Such a polycrystalline microstructure was 
produced using the Monte Carlo simulation procedure intro- 
duced by Srolovitz and c o - w o r k e r ~ . ~ ~ . ' ~  This procedure has 
been shown to produce microstructures with grain size and 
grain topology distributions in excellent agreement with 
experiment . '',' 
In short, a continuum microstructure is mapped onto a two- 
dimensional triangular lattice containing N = 10 000 sites. 
Each lattice site is assigned a number, S,, which corresponds to 
the orientation of the grain in which it is embedded. The num- 
ber of distinct grain orientations is Q. Lattice sites which are 
adjacent to neighboring sites having different grain orientations 
are regarded as being adjacent to a grain boundary, while a site 
surrounded by sites with the same grain orientation is in the 
bulk or grain interior. The grain boundary energy is specified by 
associating a positive energy with grain boundary sites and zero 
energy for sites in the grain interior, according to the Potts 
Hamiltonian 
(7) 
where 6,, is the Kronecker delta and J is a positive constant that 
sets the energy scale of the simulation. The kinetics of boundary 
motion are simulated via a zero-temperature Monte Carlo 
technique in which a lattice site is selected at random and its 
orientation is randomly changed to one of the other grain orien- 
tations. The change in energy associated with the change in ori- 
entation is then evaluated. If the change in energy is less than or 
equal to zero, the reorientation is accepted. However, if the 
energy is raised, the reorientation is rejected. 
The microstructures were produced by initially assigning a 
random value of the grain orientation to each site (1 5 S, 5 Q) 
and then running the Monte Carlo simulation procedure until 
the desired grain size was produced. The resultant two-dimen- 
sional polycrystalline microstructures are in good agreement 
with those found from taking cross sections through three- 
dimensional polycrystalline materials and three-dimensional 
 simulation^.'^^'^ In addition to producing an accurate 
representation of observed microstructures, this simulation pro- 
cedure has the advantage of producing microstructures on 
exactly the same lattice as that employed for the microstructural 
mechanics simulations. 
(4) Simulation Procedure 
The basic features of the present simulation technique 
employed in this study were described p r e v i o u ~ l y ' ~  in an appli- 
cation in which the intergranular/transgranular transition was 
examined using strain-controlled tensile tests. Thermal expan- 
sion is incorporated by allowing the equilibrium lattice parame- 
ter, a ,  (see Eq. (2a) ) ,  to scale with the change in temperature AT 
by an amount a(;ew = (1 + ciAT), where ci is the coefficient 
of thermal expansion. The thermal contraction aAT that results 
from cooling is referred to as the misfit strain e and is equal to 
the change in the value of a() :  e = - (u(;ew - aild)/ui'd, where 
the sign was chosen such that positive e corresponds to a 
contraction. 
The present study focuses on anisotropic thermal expansion. 
The simplest method to include thermal expansion anisotropy is 
to make direct use of the inherent lattice nature of the simula- 
tion. As the present simulations are performed upon a triangular 
lattice, we choose one of the three inequivalent lattice direc- 
tions to be the high thermal expansion direction and the other 
two directions to be low expansion directions. Since each grain 
in a microstructure has a well-defined crystallographic orienta- 
tion, we included anisotropy by randomly choosing the high 
expansion direction from the three possible directions for each 
grain (i.e., for all of the sites within the grain) and then applying 
the prescribed misfit strain in that direction. One of the limita- 
tions of this approach is that it leads to only three types of aniso- 
tropic grain orientations whereas in a real polycrystalline 
material the direction of maximum expansion varies continu- 
ously with the crystallographic orientation of the grains. For the 
sake of convenience, the coefficients of thermal expansion for 
the low expansion orientations were set to zero. The application 
of misfit strains (contractions), as described above, corresponds 
to cooling a solid through a nonzero AT. Unless the microstruc- 
ture consists of a single crystal, this type of anisotropic thermal 
expansion will lead to an internal stress distribution within the 
solid that varies with location on a length scale comparable with 
the grain size. 
The present simulations of anisotropic thermal expansion 
(contraction) induced microcracking were performed in the fol- 
lowing manner: (1) a polycrystalline microstructure is produced 
using the Monte Carlo model; (2) prescribed values of the bulk 
( E t )  and grain boundary (,Tih) critical (fracture) energies are 
assigned to the appropriate bonds; ( 3 )  the high thermal expan- 
sion directions are assigned to each grain; (4) a small, finite 
misfit strain (contraction) increment is applied to the bonds ori- 
ented in the high expansion directions; ( 5 )  the total energy of 
the system is minimized with respect to the site coordinates 
using a (double precision) conjugate gradient algorithm; (6) the 
bond with the maximum energy ratio E,,IE', is identified; (7) if 
this bond energy ratio is greater than unity, this bond is irrevers- 
ibly broken and we return to step (5 ) ;  otherwise, (8) if no bonds 
are broken during step 7, we return to step 4. 
The present simulations were performed on lattices con- 
sisting of lo4 (100 X 100) nodes. In order to model a sample of 
finite size, all four edges of the model were left free, resulting in 
a total of 29 601 individual bonds. This lattice size was chosen 
such that the simulations could be performed in reasonable 
computational time on a 16 Mbyte computer workstation. In 
order to ensure that the results would be statistically significant, 
at least six simulations were performed, for each set of condi- 
tions, with different microstructures of identical physical 
descriptors (i.e., grain size, E&, Ek). The following parameters 
were employed: k = 1 ,  c = (1/7), a .  = 1, h,, = 1/2, and Eg = 
0.5 X The grain size r (in units of a, , ) ,  the grain boundary 
critical energy ,Tih (and equivalently, the ratio R = E",,!E',), and 
the anisotropic-thermal-expansion-induced misfit strain e were 
vaned in the present study. 
111. Results 
( I )  Unconstrained Microcracking 
The first study focuses on the microcracking behavior of a 
polycrystalline solid with a traction free surface during cooling. 
Since no external loads or constraints are applied to the solid, it 
is free to contract. Although the surfaces are traction free, inter- 
nal residual stresses are generated as a result of the anisotropy 
in the thermal expansion coefficients. 
(A) Tough Grain Boundaries: The first series of simula- 
tions were run for the case where the grain boundary has the 
same critical energy or strength as the bulk ( R  = EZh/E; = 
1.0). Since the grain boundary has the Same strength as the bulk, 
the grain boundary is simply the location where the direction of 
maximum thermal expansion changes. Figure 2 shows a series 
of microstructures with broken bonds indicated as a function of 
the misfit strain e for a mean grain size of 14.4. At a misfit strain 
of e = 0.0120 (Fig. 2(a)), few bonds are broken. Most of these 
cracks (groups of broken bonds) have nucleated at sites near the 
grain boundaries. Some of these cracks grow into (and through) 
the grain interior, such as the one near the center of Fig. 2(a). 
On further increase of the misfit strain (to e = O.OlSO), we 
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Fig. 2. Microcracked polycrystalline microstructures for a series of increasing misfit strains: (a) e = 0.0120, (b) e = 0.015, and (c) e = 0.0195. The 
grain size is r = 14.4 (in units of the unstrained spring length) and the ratio of grain boundary to grain interior toughness is R = 1 .O. Light solid lines 
outline the periphery of each grain and the horizontal lines within each grain indicate the orientation of the high thermal expansion axis. The dark lines 
indicate the location of broken bonds. 
observe that new cracks continue to be nucleated at sites near 
the grain boundaries (Fig. 2(b)). Several of the cracks that were 
formed at lower misfit strains grow into large continuous 
cracks. These cracks have lengths comparable to the grain size. 
A further increase in the misfit strain (to e = 0.0195) shows a 
large increase in the microcrack density (Fig. 2(c)). New cracks 
have nucleated and some of the smaller cracks have grown into 
larger continuous cracks. Some grains are microcrack free 
whereas others contain a large density of microcracks. A plot of 
the total number of broken bonds p, as a function of the misfit 
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strain (Fig. 3) shows that pL increases with misfit strain ( e )  in a 
nonlinear manner. 
The dependence of the microcracking behavior on grain size 
was investigated in order to examine the experimentally 
observed grain size effect in anisotropic-thermal-expansion- 
induced damage. Microcracked microstructures of three differ- 
ent grain sizes (4.5, 14.4, and 19.8) are shown in Fig. 4 at a 
misfit strain of e = 0.012. In the smallest grain size sample 
(Fig. 4(a)), we find only two broken bonds at this strain. The 
intermediate grain size sample (Fig. 4(b)) shows substantially 
more (36) broken bonds at this strain level. The microcracks 
nucleated at the grain boundaries or at sites very close to the 
boundaries and, in one case, has propagated completely through 
a grain. In the largest grain size ( r  = 19.8) microstructure 
(Fig. 4(c)), the number of broken bonds is large and the micro- 
structure contains cracks of length comparable to the larger 
grain size. Figure 3 summarizes the broken bond density (p,) 
dependence on grain size and on misfit strain. The inset in Fig. 3 
shows the small misfit strain region in more detail. Microcrack 
initiation occurs at e = 0.0092 for the largest grain size sample 
whereas it occurs at a 50% larger strain ( e  = 0.014) for the 
smallest grain size sample. In all cases, microcracking begins at 
a lower misfit strain the larger the grain size. This is in accor- 
dance with earlier experimental observations and analyses. 
However, on increasing the misfit strains still further (to e = 
0.0195), the microstructures (Fig. 5 )  exhibit the opposite trend; 
i t . ,  small grain size samples contain more broken bonds than 
do large grain size samples (see Fig. 3). In the small grain size 
sample (Fig. 5(a)), the number of microcracks is very large, 
they are distributed throughout the sample, and they are short- 
of order the small grain size. As the grain size gets larger 
(Fig. S(b)), we observe many fewer microcracks; however, 
these cracks tend to be longer-again, of order the grain size. 
This trend continues for the largest grain size microstructure 
(Fig. 5(c)), where the number of microcracks is even smaller, 
but they are longer. In all cases, the microcracks are initiated at 
the grain boundaries and propagate over length scales compa- 
rable to the grain size. Some grains appear to be crack free, sug- 
gesting the importance of local grain orientation relative to 
their neighborhood. 
( B )  Weak Grain Boundaries: When the grain boundaries 
are less tough than the grain interiors ( R  < l),  the microcrack- 
ing behavior is significantly modified. The present set of simu- 
lations were performed for the case where the critical energies 
to break a bond traversing the grain boundary were 4/ , ( ,  that of a 
bond inside a grain ( R  = 0.4). This is equivalent to a ratio of the 
critical strain energy release rates ( G , )  of 0.4. In these simula- 
tions, the grain boundary both is a weak (easy) path for crack 
propagation and serves as a position where the orientation of 
the misfit changes. R = 0.4 was chosen because it was close to 
the R value of the intergranular-transgranular fracture transi- 
tion found in earlier  simulation^'^ under uniaxial tension. 
Figures 6(a) to (c) show the spatial distribution of micro- 
cracks for several different anisotropic-thermal-expansion- 
induced misfit strains in a microstructure with a mean grain size 
of r = 14.4. As in the R = 1 case (see Fig. 2), the initial micro- 
cracks (Fig. 6(a), e = 0.0095) form along the grain boundaries 
and points where three grain boundaries meet (i.e., triple 
points). However, unlike in the R = 1 case, the microcracks 
propagate preferentially along the grain boundries. Increases in 
misfit strain (Figs. 6(b) and (c)) lead to the nucleation of addi- 
tional microcracks along the grain boundary and the extension 
of the cracks, formed at lower e ,  along the grain boundaries. 
The cracks tend to grow to lengths comparable with the grain 
size, as in the R = 1 case. Comparing the microcracking behav- 
ior of the tough grain boundary and weak grain boundary cases 
at the same grain size and value of misfit strain (cf. Figs. 2(a) 
and 6(b)), we note that the weak grain boundary microstructure 
has more broken bonds. This is seen more quantitatively by 
directly comparing the numbers of broken bonds (p,) in the 
R = 1 (Fig. 3) and R = 0.4 (Fig. 7) cases. The main distinction 
between these two plots is the observation that microcracking 
is initiated at a lower value of misfit strain for R = 0.4 than for 
R = 1.0. 
Figure 8 shows the effect of grain size on the spatial distribu- 
tion of microcracks at small misfit strains and for weak grain 
boundaries ( R  = 0.4). Just as in the case of the tough grain 
boundaries, increasing grain size at fixed misfit leads to an 
increase in the number of broken bonds. As the grain size 
increases, the number of microcracks decreases, but the lengths 
of the microcracks increase such that pc (which is the product of 
the number of microcracks and their length) increases. Unlike 
in the tough grain boundary ( R  = 1) case, microcracks both 
form and propagate solely along the grain boundaries when 
they are weak ( R  = 0.4). The inset in Fig. 7 shows that micro- 
cracks form at smaller misfit strains when the grain size is large 
than when it is small. Microcrack initiation occurs at e = 
0.0075 for the largest grain size ( r  = 19.8) sample, whereas it 
occurs only at e = 0.0082 for the smallest grain size ( r  = 4.5) 
sample. This dependence of microcracking behavior on grain 
size is similar to that observed in the strong grain boundary 
case (above). 
At a higher misfit strain (e = 0.0195), the smallest grain size 
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Fig. 3. 
grain boundary and bulk toughnesses are equal, R = 1 .O. The inset shows the small misfit strain data in more detail. 
Total number of broken bonds in the model pc as a function of misfit strain e for several different grain sizes in microstructures for which the 
1128 Journal of the American Ceramic Society-Sridhar et al. Vol. 77. No. 5 
Fig. 4. 
small misfit strain ( e  = 0.0120) and the ratio of grain boundary to grain interior toughness is R = 1 .O. 
Microcracked polycrystalline microstructures for a series of grain sizes: (a) Y = 4.5, (b) r = 14.4, and ( c )  r = 19.8. These results are for a 
bonds in the form of many, widely distributed short cracks. On 
the other hand, larger grain size samples (Figs. 9(b) and (c)) 
exhibit a smaller number of microcracks, but of substantially 
larger extent. Therefore, just as in the tough boundary case dis- 
cussed above, pc is larger for larger grain samples at small misfit 
and larger for small grain samples at large misfit (see Fig. 7). 
(2) ConstrainedMicrocracking 
The above results were obtained on a polycrystalline solid of 
finite extent that was free to expand or contract in both direc- 
tions (i.e., it had free surfaces). This section reports on aniso- 
tropic-thermal-expansion-induced microcracking in a solid 
body that is rigidly constrained at two opposing surfaces, as if 
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Fig. 5. 
large misfit strain ( e  = 0.0195) and the ratio of grain boundary to grain interior toughness is R = 1.0. 
Microcracked polycrystalline microstructures for a series of grain sizes: (a) Y = 4.5, (b) Y = 14.4, and (c) Y = 19.8. These results are for a 
held between the grips of a perfectly rigid testing machine. Free sample (parallel to the constraint direction) which i s  superim- 
surfaces were maintained in one direction and periodic bound- posed on the nonuniform, anisotropic-thermal-expansion- 
ary conditions in the other. Although at AT = 0 there is no induced internal stresses. Since the microcracking behavior for 
external stress, the application of the misfit strain (contraction both the strong ( R  = 1 .O) and the weak ( R  = 0.4) grain bound- 
obtained by cooling) results in a net tensile stress across the ary cases shows the same qualitative dependence on misfit 
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Fig. 6. Microcracked polycrystalline microstructures for a series of increasing misfit strains: (a) e = 0.0095, (b) e = 0.0120, and (c) e = 0.0150. 
The grain size is r = 14.4 (in units of the unstrained spring length) and the ratio of grain boundary to grain interior toughness is R = 0.4. 
strain and grain size, we present simulation results here for only 
the strong grain boundary case. 
Figure 10 shows three microcracked microstructures with 
different grain sizes at a relatively small misfit strain of e = 
0.0095. The smallest grain size (Y = 4.5) microstructure (Fig. 
10(a)) exhibits few broken bonds at this strain. In all cases, 
these microcracks form at or near grain boundaries. The inter- 
mediate grain size (Y = 7.8) sample (Fig. 10(b)) shows many 
more broken bonds than does the small grain size sample at the 
same misfit strain. In this case, the cracks are substantially 
larger, are not necessarily at grain boundaries, and tend to run in 
a direction approximately normal to the constraint. The largest 
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Fig. 7. Total number of broken bonds in the model pc as a function of misfit strain e for several different grain sizes in microstructures for which the 
grain boundary and bulk toughnesses are equal R = 0.4. The inset shows the small misfit strain data in more detail. 
grain size ( r  = 19.8) microstructure (Fig. lO(c)) shows several 
small cracks and one large crack that spans 70% of the sample 
width. As in the intermediate grain size case, these cracks tend 
to run in the direction normal to the constraint. Figure 1 1 shows 
the number of broken bonds as a function of the misfit strain for 
four different grain sizes. At small misfit strains, we observe 
(see the inset in Fig. 1 1 )  that the number of broken bonds is 
largest for the large grain size sample and smallest for the small 
grain size sample. Microcrack initiation occurs at e = 0.0072 
for the largest grain size sample whereas it occurs only at e = 
0.0085 for the smallest grain size sample. The main difference 
between the constrained and unconstrained samples is the pres- 
ence of long continuous cracks under constraint, as compared 
with the large number of small cracks in the small grain size 
sample. The fact that these long cracks are oriented perpendicu- 
lar to the constraint is attributable to the uniaxial tensile stress 
that develops in that direction. 
Comparison of the microcracking behavior in the constrained 
and unconstrained cases (cf. Figs. 3 and 11) shows that the pres- 
ence of the constraint does not change most of the microcrack- 
ing features observed in the unconstrained microstructure. In 
particular, we note that at small misfit strains, there is more 
microcracking in the large grain size samples as compared to 
the small grain size samples (refer to inset of Figs. 3 and 1 I), 
while at large misfit strains, the microcrack density is smallest 
for the large grain size samples. However, when a constraint is 
imposed, there is an initial, rapid rise in the number of broken 
bonds followed by a slower increase with increasing misfit 
strain that is reminiscent of the p, versus e plots when no con- 
straint is applied (Fig. 3). This initial rapid rise is attributable to 
the directed microcracking attributable to the uniform stress 
associated with the constraint. This additional uniaxial stress 
also results in a lowering of the minimum misfit strain for 
microcracking. 
IV. Discussion 
The results presented above show the variation of microcrack 
density with grain size and anisotropic-thermal-expansion- 
induced misfit strain (see Figs. 2 and 6). These misfit strains 
cause stresses that vary through the microstructure due to the 
grain by grain variation in the high thermal expansion direction 
and, hence, vary on a length scale comparable to the grain 
size. When the local, anisotropic-thermal-expansion-induced 
stresses are of sufficient magnitude to exceed the local failure 
condition, a microcrack forms and grows. In the present model, 
the degree of microcracking has been analyzed in terms of the 
total number of broken bonds, pc, which is the product of the 
number of microcracks and the average microcrack length. 
Examination of the effect of grain size on microcracking, we 
find two distinct classes of behavior. The first operates when the 
misfit strains are relatively small. In this regime, pc is large for 
the large grain samples and relatively small in the small grain 
samples. In addition to having the largest pc, the large grain size 
microstructures also exhibited longer cracks than did the small 
grain size microstructures. Prior to the beginning of micro- 
cracking, the samples with the largest grain size exhibit the 
largest internal stresses. Since microcracking begins when a 
critical stress or strain energy is exceeded, this explains why the 
larger grain size microstructures exhibit a larger p, at small 
misfits or IATI. The observed large crack length dependence on 
the grain size is attributable to the coherence length of the stress 
(i.e., the length scale over which the stress varies), which scales 
directly with the grain size. 
When the misfit strains are large, a different, second class of 
behavior is observed. In this regime, p, is largest for the micro- 
structures with the smallest grain size. Nonetheless, the longest 
microcracks are still found in the microstructures with the 
largest grain size. There are two possible explanations for the 
presence of more extensive microcracking in the small grain 
samples, as compared with the large grain samples. The first is 
associated with the fact that the formation of a large crack 
relieves stresses in a large area (in 2 - 4  or volume (in 3-d)  sur- 
rounding it, where d is dimensionality of the material. In fact, 
the region of stress relief scales as ad,  where u is the crack 
length. The presence of long cracks in the large grain samples 
effectively prevents the formation and/or growth of additional 
microcracks in their immediate vicinity, as may be seen, for 
example, in Fig. 5(c). Since a is proportional to the grain size r 
and the stress relief areahohme scales as ud, we expect that the 
total crack length/area (i.e., the number of broken bonds) per 
grain should scale as the grain size rd '. This further suggests 
that the total crack length/area per unit aredvolume of the 
material, pc, should scale inversely with the grain size, p' x llr. 
The second approach is based upon the observation that micro- 
cracks tend to form almost exclusively along grain boundaries. 
This is because the discontinuity in the misfit that occurs at 
grain boundaries leads to the formation of the largest stresses at 
the boundaries. This suggests that the number of microcracks 
per grain scales in proportion to the length/area of the grain 
boundaries per grain, i.e., rd-l .  In this case, all of the cracks 
cannot grow to a length comparable with the grain size because 
of the interaction between the regions of stress relaxation. 
Therefore, assuming that the crack length is independent of 
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Fig. 8. Microcracked polycrystalline microstructures for a series of grain sizes: (a) r = 4.5, (b) r = 14.4, and (c) r = 19.8. These results are for a 
small misfit strain ( e  = 0.0095) and the ratio of grain boundary to grain interior toughness is R = 0.4. 
grain size, we see that the total crack length per unit arealvol- 
ume should again scale inversely with grain size, i.e., p, l/r. 
While the assumption that the crack length is independent of 
grain size may not be valid, this second approach still leads to 
larger pc for smaller grain sizes as long as the crack length 
scales with grain size more weakly than a m r (e.g., a m In r ) .  
While the data presented above show that p, is largest for small 
grain microstructures at large misfit, in agreement with the 
above arguments, they are insufficient to unequivocally deter- 
mine the functional form of pc(r). 
The results presented above show the effect of variations in 
the grain boundary toughness relative to that of the grain interi- 
ors, R ,  on microcracking behavior. In short, when the grain 
boundaries are weak compared to the bulk (small R ) ,  micro- 
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Fig. 9. 
large misfit strain ( e  = 0.0150) and the ratio of grain boundary to grain interior toughness isR = 0.4. 
Microcracked polycrystalline microstructures for a series of grain sizes: (a) r = 4.5, (b) r = 14.4, and (c) r = 19.8. These results are for a 
cracking begins at the grain boundaries and further crack propa- that microcracking is more predominant in the large grain sam- 
gation is along the grain boundaries. When R = 1 ,  microcrack- ples at small misfit and in the small grain samples at large mis- 
ing begins at the grain boundaries, but crack propagation tends fit, independent of the relative grain boundary toughness, R.  
to occur predominantly into the grain interiors. Therefore, However, decreasing the grain boundary toughness 
reducing the grain boundary toughness simply shifts the micro- at fixed grain interior toughness results in a decrease in the 
cracking behavior from transgranular to intergranular. Exami- minimum misfit required for anisotropic-thermal-expansion- 
nation of the pc versus misfit strain plots (Figs. 3 and 7) shows induced microcracking. 
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Fig. 10. Constrained microcracked polycrystalline microstructures for a series of grain sizes: (a) r = 4.5, (b) r = 14.4, and (c) r = 19.8. The con- 
straint is in the direct ion.  These results are for a small misfit strain ( e  = 0.0095) and the ratio of grain boundary to grain interior toughness is R = 
1.0. 
While p, provides a measure of the microcracking damage, it 
is not an easily accessible experimental parameter. Therefore, 
we also measured the uniaxial elastic modulus of the micro- 
cracked samples as a function of misfit strain. This was accom- 
plished by heating (or cooling) the microcracked samples to 
their original misfit-stress-free temperature and then measuring 
their Young’s modulus in uniaxial tension. No additional crack- 
ing occurred during these tensile tests. This procedure guaran- 
teed that changes in the modulus were simply related to the 
microcracks and not to nonlinear elastic effects. Figure 12 
shows the elastic modulus as a function of the misfit strain for 
both R = 0.40 and R = 1.0 as a function of the misfit strain that 
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Fig. 11. 
which the grain boundary and bulk toughnesses are equal, R = 1 .O. The inset shows the small misfit strain data in more detail. 
Total number of broken bonds in the model pc as a function of misfit strain e for several different grain sizes in constrained samples for 
originally produced the microcracked microstructures. Even 
though each curve represents the average of six independent 
simulations, there is still considerable statistical noise. Young’s 
modulus for each sample decreases monotonically with increas- 
ing misfit strain and damage. When the misfit is large, the 
smaller grain size microstructures show a faster drop in the 
modulus than do the larger grain size samples with increasing 
misfit. Therefore, the modulus decrement shows the same gen- 
eral behavior with misfit strain as does the number of broken 
bonds p, reported above. 
Analytical models of the modulus decrement due to micro- 
crackinglX suggest that the modulus decrement scales as the 
product of the crack density and the volume/area of the stress 
relieved region around each crack (i.e., the cube or square of the 
crack length in 3-d or 2-d, respectively). This prediction corre- 
sponds to the modulus decrement scaling as the product of the 
number of broken bonds per unit volume and the crack length. 
Figure 13 shows Young’s modulus for the unconstrained micro- 
structures as a function of the broken bond density f ,  obtained 
over a range of misfits (temperatures) and both grain boundary 
toughnesses examined above (i.e., R = 0.4 and 1.0). All of the 
data fall into a fairly tight band, which on average decreases lin- 
early with increasing fraction of broken bonds (i.e., 1 - f l .  This 
is consistent with previous theoretical results.lX The scatter in 
the data is attributable, in part, to the crack size dependence of 
the modulus. However, the limited range of crack sizes exam- 
ined and the inherent statistical noise in the data prevent us from 
examining this prediction in more detail. Previous simulations” 
of this type in which bonds were broken at random also showed 
a linear dependence of the modulus decrement on the broken 
bond density for broken bond densities not too near the rigidity 
percolation threshold. However, this earlier study showed a 
bond density coefficient notably larger than the present one. 
This is presumably attributable to the much smaller crack size 
(single sites) in the earlier study” and the predicted dependence 
of the modulus decrement on crack size.’* 
While both Young’s modulus and the total number of broken 
bonds provide a measure of microcracking damage, perhaps a 
more important measure is the influence of microcrack damage 
on the overall fracture behavior of the sample. Therefore, we 
have performed uniaxial tension tests (strain controlled) on the 
same microstructures as used for the Young’s modulus mea- 
surements. Figure 14 shows the uniaxial stress strain curves for 
both a tough ( R  = 1.0, Fig. 14(a)) and weak ( R  = 0.4, 
Fig. 14(b)) grain boundary microstructure. In both cases, the 










O.OO0 0.005 0.01 0 0.015 0.020 
e 
Fig. 12. Young’s modulus of the microcracked microstructures as a function of the misfit strain responsible for the damage. Data are shown for sev- 
eral grain sizes and two values of the grain boundary toughness. The modulus is normalized to that of the uniform, damage-free microstructure. These 
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Fig. 13. Young's modulus of the microcracked microstructures as a function of the fraction of bonds that are broken ( f j  during a temperature excur- 
sion. The narrow lines correspond to the unconstrained, microcracked microstructures with both weak ( R  = 0.4) and tough ( R  = 1.0) grain bound- 
aries, presented in Section llI(1). The wide line corresponds to the predicted Young's modulus dependence on the microcrack density (i.e., 1 - f). 
small grain size microstructures. Nonetheless, Fig. 14 shows 
that the fracture stress is smallest for the largest grain size 
microstructure. Linear elastic fracture mechanics suggests that 
the fracture stress af is proportional to the inverse square root of 
the crack length (a, a I") such that the microstructure with 
the longest crack is expected to fracture at the smallest exter- 
nally applied stress. Since crack lengths in the anisotropic- 
thermal-expansion-damaged microstructures scale with the 
grain size, the sample with the largest grain size is expected to 
fail at the lowest applied stress-in agreement with the present 
simulation results (Fig. 14). 
When the surfaces of the sample are constrained during an 
anisotropic misfit strain inducing temperature excursion, an 
additional stress is superimposed upon the anisotropic-thermal- 
expansion-induced stresses present in an unconstrained sample. 
This additional stress does not vary on the same length scale as 
the anisotropic-thermal-expansion-induced stress (i.e., the grain 
size), but is superimposed upon the entire sample. This addi- 
tional stress has two main effects: (1) it decreases the magni- 
tude of the misfit strain necessary to induce microcracking and 
( 2 )  it determines the direction of maximum crack growth. The 
fact that the cracks tended to propagate in the direction normal 
to the constraint suggests that the constraint stress dominates 
the anisotropic-thermal-expansion-induced stresses. 
A large body of experimental evidence'~'0~20.2' suggests that 
large grain size microstructures are more susceptible to aniso- 
tropic-thermal-expansion-induced damage than are small grain 
microstructures. The present results show that the effect of 
grain size on anisotropic-thermal-expansion-induced micro- 
cracking can be greater for either large or small grain size sam- 
ples depending on the measure employed. At all but the 
smallest misfits, the total length/area of all cracks in a sample 
will be larger when the grain size is small. This is manifested in 
the larger decrement of the elastic modulus in small grain size 
samples as compared with large grain size samples at the same 
misfit ( A T ) .  However, for a given misfit or temperature excur- 
sion, large grain sizes are more detrimental to overall fracture 
properties. This is because the fracture stress scales as the 
inverse square root of the crack length and large grain samples 
have larger anisotropic-thermal-expansion-induced micro- 
cracks than small grain samples. If a sample is rigidly con- 
strained during the temperature excursion and the constraint 
stress exceeds the fracture stress of the anisotropic-thermal- 
expansion-microcracked sample, the temperature excursion can 
direcly lead to fracture of the entire sample. Experimentally, 
such constraints can be associated with the fixture holding the 
sample or, more commonly, due to macroscopic nonuniformit- 
ies in the sample shape. 
The simulation procedure used in the present study is based 
upon a discrete elastic model. As a result of this discretization, 
there are some genuine differences between the predictions of 
the model and that due to a continuum elastic analysis. One 
prime difference is the fact that the crack tip field is singular in 
a continuum elastic analysis, while it remains discrete here. In 
all real materials, the crack tip field singularity is relaxed by 
some type of dissipative means (e.g., plasticity, damage) or, in 
the most extreme cases, by the inherent atomic level dis- 
creteness of solids. The important point is that fracture mechan- 
ics is still valid no matter at what level the maximum stresses 
are limited. The maximum stress near a crack tip seen in the 
present model is set by our choice of discreteness, i.e., a,. Since 
this limit is set arbitrarily, the maximum stress near a crack tip 
in the present model has no physical meaning. Therefore, while 
the model does accurately describe the elastic field of a crack a 
few a, away from the tip, it cannot be relied upon to give physi- 
cally meaningful values of parameters such as fracture stress, 
critical misfit strain, etc. Fortunately, this is not a problem since 
the purpose of the present study is not to predict fracture 
stresses, but simply to examine the effect and trends associated 
with varying microstructural features. A similar discreteness 
question arises when discussing grain size effects. As long as 
the grain size in the simulation is much larger than the spring 
size (i.e., r >> a,),  the discreteness of the model should have 
little effect on the trends in microcracking behavior. Nonethe- 
less, the discreteness does render a quantitative comparison of 
grain size effects in simulation and experiment meaningless. 
However, trends in microcracking behavior, as opposed to 
absolute values, should still be reliable. 
The present simulations were performed on a two-dimen- 
sional model, although essentially all experiments have an 
important three-dimensional component. Strictly speaking, the 
present results should be applied only to the analysis of ther- 
mal-expansion-anisotropy-induced microcracking in free- 
standing (no substrate) thin films where the average grain size is 
larger than the film thickness. Nonetheless, we expect that the 
microcracking trends observed in the present study will also 
apply to three-dimensional samples. In particular, we are refer- 
ring to the presence of a critical grain size for microcracking, 
the larger degree of microcracking in large grain samples for 
small misfit strains, the larger degree of microcracking in small 
grain samples for large misfit, the more severe effect of micro- 
cracking on overall fracture behavior in large grain samples 
than in small grain ones, etc. However, the detailed functional 
form of the dependence of some of the physical parameters 
(e.g., modulus change) on grain size may be explicitly depen- 
dent on dimension and hence the functional forms may not be 
reliable. 
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Fig. 14. Stress-strain curves for unconstrained, microcracked microstructures for several grain sizes: (a) results for microstructures with tough grain 
boundaries ( R  = 1.0) and a misfit strain of e = 0.0145; (b) results for microstructures with weak grain boundaries ( R  = 0.4) and a misfit strain of e = 
0.0095. These data were not averaged over multiple simulation runs. 
Given these caveats, we can still compare our simulation 
results with the large body of experimental literature on ther- 
mal-expansion-induced microcracking, although only qualita- 
tively. Kuszyk and BradtZ reported that a noncubic ceramic 
(MgTi’O,) with a large thermal expansion anisotropy shows an 
abrupt transition in fracture strength and elastic modulus as a 
function of grain size. These results are consistent with those 
reported above; namely, the microcrack density and hence the 
fracture strength and moduli are sensitive functions of the grain 
size (see Figs. 3, 7, 12, 14). Several experimental studies and 
fracture mechanics a n a l y ~ e s ’ ~ ’ ~ ”  reveal that the critical grain 
size for onset of microfracture is proportional to the inverse 
square root of the maximum thermal expansion difference 
(i.e., rc a (Aa)-*). The dependence of the critical grain size on 
thermal expansion mismatch, extracted from the above results, 
yields r, a (ha)- B, where - 1 > p > - 2 (data extracted from 
Figs. 3 and 7). This range of p values is reasonably close to that 
reported in other works, given the poor statistics in the present 
determination of p. Both a large body of experimental results 
and the present simulations show that microcracking is espe- 
cially large in cases where the grain boundaries separate adjoin- 
ing grains with large thermal expansion mismatch. Bush and 
Humme122.23 reported a modulus drop with an increase in the 
microcrack density. This is consistent with our observations 
(see Fig. 12). Finally, we note that Kuszyk and Bradt’ found 
substantially lower fracture stresses in large grain samples than 
in small grain ones, also in agreement with our present results 
(see Fig. 14). Therefore, the present simulation results do repro- 
duce much of the qualitative experimental observations of 
thermal-expansion-anisotropy-induced microcracking and its 
effect on the mechanical and fracture behavior of ceramics. 
However, direct quantitative comparison is not possible. 
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